Introduction
The tameness hypothesis has been very important in the study of the Cherlin-Zil'ber conjecture. Most of the deep theorems about the conjecture were initially proven under this hypothesis. Definition 1.1. A tame group is a group G of finite Morley rank which does not interpret a bad field (i.e. a structure hK; þ; Á; Ti where hK; þ; Ái is a field and T is an infinite proper subgroup of K Â ) and which does not have a definable bad section (see Definition 3.4).
The tameness hypothesis has now become too restrictive in view of the following. Fact 1.2 (see [2] ). There exists a bad field (of characteristic 0).
The main purpose of the tameness hypothesis was to provide a skeleton for the proofs of the most di‰cult theorems. However, this hypothesis immediately yields an involution in non-nilpotent connected groups (see [3, Theorem B.1, p. 353]), and so it cannot be a skeleton for a proof of a 'Feit-Thompson theorem' for groups of finite Morley rank, i.e. a proof that simple groups of finite Morley rank have involutions. A hypothesis that could also provide a skeleton for the proof of results such as a Feit-Thompson theorem would be very useful. The aim of this article is to propose such a hypothesis. Thus we introduce subtame groups, and we begin the study of these groups (see Theorems 3.8 and 4.3) .
We preserve only the core of the tameness hypothesis and we show that it is su‰-cient to imply some well-known properties of tame groups. The center of the tame notion lies in the Zil'ber field theorem [3, Theorem 9 .1] and in the presence of tori in all tame non-nilpotent connected groups. We weaken this property as far as we can to obtain the definition of a subtame group. Definition 1.3. A group G of finite Morley rank is subtame if each non-nilpotent connected definable section of G has a minimal divisible infinite definable section that is not definably isomorphic to K þ for any interpretable field K. Example 1.4. Every definable section of a subtame group of finite Morley rank is subtame.
Every tame group of finite Morley rank is subtame; in particular, every algebraic group over a pure algebraically closed field K is subtame.
However, some non-tame groups are subtame. Indeed, any definable subgroup of an algebraic group over a (not necessarily pure) field of finite Morley rank and of non-zero characteristic is subtame (by [10, Théorème 2.8] and [12] ).
Moreover, every locally finite group of finite Morley rank is subtame (see [11, Corollaire 3 .32] and [3, Theorem 9 .21]).
The main conjecture about subtame groups is the following. We show that this conjecture reduces to a question about bad fields and bad groups (Corollary 3.6).
Conjecture 1.5. Every group of finite Morley rank is subtame.
We will prove that subtame groups have some similar properties to those of tame groups; for example Jaligot's lemma extends (Theorem 4.3), as well as the conjugacy of Carter subgroups (Theorem 3.8), a Carter subgroup of a group G of finite Morley rank being a definable nilpotent subgroup C such that N G ðCÞ ¼ C. Our study of the subtame groups is based on an analysis of pseudo-tori. The notion of a pseudo-torus is new and it generalizes the notion of a decent torus (see Definition 2.1). Definition 1.6. An abelian divisible group T of finite Morley rank is a pseudo-torus if no definable quotient of T is definably isomorphic to K þ for an interpretable field K.
Strictly speaking we should call T an M-pseudo-torus, where M is the ambient structure, since the notion of a pseudo-torus depends on M. However, we will only ever work inside one model, and so we can slightly simplify the terminology.
The main result concerning pseudo-tori is the following (see Section 2).
Theorem 1.7. The maximal pseudo-tori in a group G of finite Morley rank are conjugate in G.
Pseudo-tori
In this section we prove the conjugacy of maximal pseudo-tori (Theorem 1.7); we do not use the subtameness hypothesis. We use the notation of [3] , which is also our basic reference.
Indecomposable subgroups.
We need to consider the indecomposable subgroups. We recall that an abelian connected group A of finite Morley rank is indecomposable if it is not the sum of two proper definable subgroups; see [4] . If A 0 1, then A has a unique maximal proper definable connected subgroup JðAÞ, and if A ¼ 1 we define Jð1Þ ¼ 1.
First we recall the definition of some special pseudo-tori called decent tori. As in [3] , for each subset X of a group G of finite Morley rank, the intersection of all definable subgroups containing X is denoted by dðX Þ. Proof. First we suppose that TðGÞ 0 G and show that G is not a pseudo-torus. We may assume that G is divisible. Let M be a maximal proper definable connected subgroup of G containing TðGÞ. Then G=M is indecomposable and Lemma 2.2 shows that G has an indecomposable subgroup A such that G ¼ AM. In particular A is not a peudo-torus and it is divisible, so it has a definable quotient A=B definably isomorphic to K þ for an interpretable field K of characteristic zero. By the maximality of M in G and [11, Corollaire 3.3], we have B ¼ JðAÞ ¼ M V A; therefore G=M G A=JðAÞ is definably isomorphic to K þ and G is not a pseudotorus.
Now we suppose that G is not a pseudo-torus, and show that TðGÞ 0 G. Since G is abelian, TðGÞ is divisible, and we may assume that G is divisible. Therefore G has a definable subgroup H such that G=H is definably isomorphic to K þ for an interpretable field K of characteristic zero. Thus G=H has no non-trivial proper definable sub-group, by [11, Corollaire 3.3] . Hence, if A is an indecomposable subgroup of G not contained in H, then G ¼ AH. In particular A=ðA V HÞ is definably isomorphic to G=H G K þ , and A is not a pseudo-torus. This proves that TðGÞ is contained in H, so TðGÞ 0 G. r Corollary 2.4. Let G be a group of finite Morley rank. Then TðGÞ is the subgroup generated by its pseudo-tori.
Lemma 2.5. Let G be a group of finite Morley rank, and N be a normal definable subgroup of G. Then TðG=NÞ ¼ TðGÞN=N.
Proof. By the definition of a pseudo-torus, a definable quotient of a pseudo-torus is a pseudo-torus, so Corollary 2.4 gives TðGÞN=N c TðG=NÞ.
We show that TðGÞN=N contains TðG=NÞ. Let A=N be a non-trivial indecomposable pseudo-torus of G=N. By Lemma 2.2, there is an indecomposable subgroup B of G such that A ¼ BN. Since B=ðB V NÞ G A=N is divisible, B is divisible. Hence, if B is not a pseudo-torus, then B=JðBÞ is definably isomorphic to K þ for an interpretable field K of characteristic zero; see [11, Corollaire 3.3] . In particular B=JðBÞ is torsion-free and we obtain B V N c JðBÞ, so A=JðBÞN is definably isomorphic to B=JðBÞ G K þ , contradicting the choice of A=N. Thus B is a pseudo-torus and A=N ¼ BN=N c TðGÞN=N, proving that TðGÞN=N contains TðG=NÞ. r Fact 2.6 (see [9] ). Let A be an abelian torsion-free group of finite Morley rank. Suppose that A has an infinite uniformly definable family S of automorphisms such that A is S-minimal. Then there is a subgroup A 1 of A and a field K such that A 1 is definably isomorphic to K þ . Proposition 2.7 (Rigidity). Let G be a connected group of finite Morley rank acting by conjugation on a pseudo-torus T. Then G centralizes T.
Proof. We consider a minimal counter-example L ¼ T z G. We may assume that C G ðTÞ ¼ 1. By minimality of L and by [3, Theorem 6.4] , G is abelian. Let A be an L-minimal subgroup of T. Since T is a pseudo-torus, T=A is a pseudo-torus too and the minimality of L yields ½G; T c A. By L-minimality of A and since C G ðTÞ ¼ 1, we obtain ½g; T ¼ A for each g A Gnf1g. Now, for each g A Gnf1g, the map t 7 ! ½g; t is a surjective homomorphism from T to A, and so A is a pseudo-torus. Hence the Zil'ber field theorem [3, Theorem 9.1] shows that A is central in L, and therefore L is nilpotent.
Since T is divisible, the torsion part of L centralizes T by [3, Corollary 6.12]. Then, since C G ðTÞ ¼ 1, G is torsion-free and, by the minimality of L, we have C T ðgÞ ¼ C T ðGÞ for each g A Gnf1g. Thus each g A Gnf1g defines an isomorphism f g : t 7 ! ½g; t from T=C T ðGÞ to A, and
is an infinite uniformly definable family of automorphisms of A. Now Fact 2.6 says that A is definably isomorphic to K þ for an interpretable field K, contradicting that A is a pseudo-torus. r Corollary 2.8. Let G be a nilpotent group of finite Morley rank. Then TðGÞ is the unique maximal pseudo-torus of G.
Proof. We prove this by induction on the Morley rank of G. We may assume that G is not a pseudo-torus. Let T be a maximal pseudo-torus of G, and H a maximal proper definable connected subgroup of G containing T. By the induction hypothesis, we have T ¼ TðHÞ and T is normal in G . By Proposition 2.7, G centralizes T, and Lemma 2.3 shows that TA is a pseudo-torus for each indecomposable pseudo-torus A. Hence, by the maximality of T, we obtain T ¼ TðGÞ. r
We recall that the Fitting subgroup F ðGÞ of a group G is the subgroup generated by all normal nilpotent subgroups of G. Nesin proved that in any group of finite Morley rank the Fitting subgroup is definable and nilpotent; see [3, Theorem 7.3] . Proof. Let T be a maximal pseudo-torus of G. By [8] , N G ðTÞ=T has a Carter subgroup C=T. Then C is nilpotent by Proposition 2.7, and N G ðCÞ normalizes T by Corollary 2.8. Hence C is a Carter subgroup of G. r 2.3 Conjugacy theorem. Wagner observed that because of Fact 2.6 the proof of [5, Nongenericity] works as soon as there is no field in the subgroup T. By using his argument and our notion of pseudo-tori, we can prove Theorem 2.11. Furthermore, we note that a minor change in [5, Nongenericity] yields a non-connected version of this result (see the fourth paragraph of our proof ).
Theorem 2.11 (cf. [5, Nongenericity] ). Let G be a group of finite Morley rank and F be a uniformly definable family of subgroups of G. If 6 F is generic in G, then there exists F A F containing TðZðGÞÞ.
Proof. We assume towards a contradiction that G is a counter-example of minimal Morley rank. In particular, TðZðGÞÞ is non-trivial and has a minimal non-trivial pseudo-torus T, which is indecomposable (by Lemma 2.3). Let
Since 6 F is generic in G, either 6ðFnF T Þ or 6 F T is generic in G. In the first case, ð6ðFnF T ÞÞT=T is generic in G=T and, by the minimality of rkðGÞ, there exists F A FnF T such that FT=T contains TðZðG=TÞÞ, contradicting the choice of F T . Hence 6 F T is generic in G, and we may assume that F ¼ F
], so we may assume that F V T ¼ F T for a fixed finite subgroup F T of T and for each F A F. Hence, by replacing G by G=F T , we may assume that
Since 6 F is generic in G, there is a coset V of T in G such that V V ð6 FÞ is generic in V , in other words V ¼ fg 0 A 6 F j g 0 T V ð6 FÞ is generic in g 0 Tg is non-empty. We fix g A V such that g minimizes the Morley rank and the Morley degree of dðgÞ. Then, for every gt A gT V ð6 FÞ, we have dðgtÞ c dðgÞ Â T and dðgtÞ V T ¼ 1, so dðgÞ Â T ¼ dðgtÞ Â T. Let B be a connected definable subgroup of dðgÞ Â T maximal among the ones contained in infinitely many subgroups dðgtÞ for gt A gT V ð6 FÞ. We may assume that B c dðgÞ.
Suppose that B has finite index in dðgÞ.
is finite of order jdðgÞ=Bj for each F A F 0 . By the choice of B, we obtain an infinite subgroup of bounded exponent in dðgÞT=B, and so T has an infinite subgroup of bounded exponent, contradicting that T is an indecomposable pseudo-torus. Hence B has infinite index in dðgÞ.
Let A=B be a minimal infinite definable subgroup of dðgÞ=B. In particular A=B is abelian and connected. We consider the uniformly definable family
of subgroups of AT=B. By the choice of A and B, G is infinite. We note that each element of G is the graph of a surjective homomorphism from A=B to T with a finite kernel. If T is a good torus, then every uniformly definable family of homomorphisms from A=B to T is finite, by [5, Rigidity III], contradicting that G is infinite. Hence T is not a good torus and, by minimality of T, it is torsion-free. Then A=B is torsion-free too, and G yields an infinite uniformly definable family of isomorphisms from A=B to T. Thus T is definably isomorphic to K þ for an interpretable field K, by Fact 2.6, contradicting our choice of T. r
We say that a definable subset of a group G of finite Morley rank is generous if its conjugates cover G generically.
The connectedness of the centralizers of decent tori has very recently been proven by Altınel and Burdges [1, Theorem 1] . The following result generalizes their result to pseudo-tori, with a very di¤erent proof. We show that H is generous in G. We may suppose without loss of generality that T is a maximal pseudo-torus of G; in particular we have T ¼ TðF ðHÞÞ. If T is contained in H g for g A G, then TT g is a pseudo-torus containing T by Corollary 2.9, so T ¼ T g by the maximality of T and we obtain g A N G ðTÞ ¼ N G ðHÞ. This shows that no element of F ¼ fðH Corollary 2.13. Let G be a group of finite Morley rank, N a normal definable subgroup of G and T a maximal pseudo-torus of G. Then TN=N is a maximal pseudo-torus of G=N and every maximal pseudo-torus of G=N has this form.
Proof. By Theorem 1.7, we just have to prove that TN=N is a maximal pseudo-torus of G=N. Let R=N be a maximal pseudo-torus of G=N containing TN=N. By the conjugacy of maximal pseudo-tori in R (Theorem 1.7), we have TðRÞ c TN, and Lemma 2.5 gives R=N ¼ TðR=NÞ ¼ TðRÞN=N c TN=N. r
Subtame groups
We show that the subtame groups are connected to loosely exponential fields (Definition 3.1 and Corollary 3.6), and we prove the conjugacy of the Carter subgroups in subtame groups (Theorem 3.8). The following notion is similar to the notion of a bad field. Proof. If G is non-nilpotent, then it has a minimal divisible infinite definable section U=V not definably isomorphic to K þ for any interpretable field K. Now U=V is a non-trivial pseudo-torus, which contradicts Corollary 2.13. r
We recall the definition of a bad group, a hypothetical counter-example to the Cherlin-Zil'ber conjecture.
Definition 3.4.
A bad group is a non-solvable connected group G of finite Morley rank all of whose proper definable connected subgroups are nilpotent. Proposition 3.5. Let G be a group of finite Morley rank. Suppose that G interprets no loosely exponential field and that each bad section of G has a non-trivial pseudo-torus. Then G is subtame.
Proof. We assume towards a contradiction that G is a counter-example of minimal Morley rank and Morley degree. Then G is connected, non-nilpotent, and has a nonnilpotent connected definable section U=V such that every minimal divisible infinite definable section of U=V is definably isomorphic to K þ for an interpretable field K. By the minimality of rkðGÞ, we have U ¼ G and V is finite. If G has a non-trivial pseudo-torus T, then T has a maximal proper connected definable subgroup H, and ðTV =V Þ=ðHV =V Þ is a minimal divisible infinite definable section of U=V . Hence T=ðT V HV Þ is definably isomorphic to K þ for an interpretable field K, contradicting that T is a pseudo-torus. Thus G has no non-trivial pseudo-torus, and in particular G is not a bad group.
Let H be a connected definable section of G such that rkðHÞ < rkðGÞ. Then the previous paragraph and Lemma 3.3 show that H is nilpotent. In particular, since G is not a bad group, G is solvable.
Let A be a G-minimal subgroup of G. By the previous paragraph, G=A is nilpotent, and so A is not central. If M is a maximal proper connected definable subgroup containing A, then M nilpotent and, by G-minimality of A, we have M c C G ðAÞ. Hence G=C G ðAÞ is a minimal infinite definable group. We consider A z G=C G ðAÞ where G=C G ðAÞ acts by conjugation on A. By the Zil'ber field theorem [3, Theorem 9.1], there is an interpretable field K such that G=C G ðAÞ is definably isomorphic to a subgroup L of K Â . Thus G=C G ðAÞ is divisible and, since G has no non-trivial pseudotorus, G=C G ðAÞ is not a pseudo-torus (by Corollary 2.13). So, by the minimality of G=C G ðAÞ, it is definably isomorphic to F þ for an interpretable field F of characteristic zero.
Thus there is a definable isomorphism f from
yÞ A L Â L. Now the structure hK; þ; Á; Ã; Li is a loosely exponential field, contradicting our hypothesis on G. r Corollary 3.6. All groups of finite Morley rank are subtame if and only if there exists no loosely exponential field and each bad group has a non-trivial pseudo-torus.
We can now prove the conjugacy and the generosity of Carter subgroups in subtame groups of finite Morley rank.
Lemma 3.7. Let G be a connected subtame group of finite Morley rank. Then C G ðTÞ is a generous Carter subgroup of G for each maximal pseudo-torus T of G.
Proof. Let T be a maximal pseudo-torus of G. We obtain the nilpotence of C G ðTÞ =T by Corollary 2.13 and Lemma 3.3, so C G ðTÞ is nilpotent Consequently, C G ðTÞ is a generous Carter subgroup of G (Corollary 2.12). r Theorem 3.8. In any subtame group of finite Morley rank, Carter subgroups are conjugate and generous.
Proof. This is similar to the proof of [6, Theorem 1.1]. r Corollary 3.9. In any connected subtame group G of finite Morley rank, Carter subgroups are maximal nilpotent subgroups.
Proof. Let C be a Carter subgroup contained in a nilpotent subgroup N. By Lemma 3.7 and Theorem 3.8, we have C ¼ C G ðTÞ for a pseudo-torus T. But C has finite index in N and each element of finite order of N centralizes T by [3, Corollary 6.12] , so N c C G ðTÞ ¼ C. r 4 A subtame version of Jaligot's lemma
We consider the subtame minimal connected simple groups of finite Morley rank, and we generalize Jaligot's lemma from tame groups to subtame groups. Hence H contains A, and we obtain the conclusion by Corollary 2.4. r Theorem 4.3 (Jaligot's lemma, subtame version). Let G be a subtame minimal connected simple group of finite Morley rank. Let B 1 and B 2 be two distinct Borel subgroups of G. Then F ðB 1 Þ V F ðB 2 Þ ¼ 1.
Proof. Let H be a proper definable connected subgroup of G containing no nontrivial pseudo-torus. We show that H is contained in a unique Borel subgroup. We may assume H maximal among the connected definable subgroups of G contained in two distinct Borel subgroups E 1 and E 2 , and containing no non-trivial pseudo-torus. 
